We have recently presented a formalism for calculating zero-point vibrational corrections to molecular properties of polyatomic molecules in which the contribution to the zero-point vibrational correction from the anharmonicity of the potential is included in the calculations by performing a perturbation expansion of the vibrational wave function around an effective geometry. In this paper we describe an implementation of this approach, focusing on computational aspects such as the definition of normal coordinates at a nonequilibrium geometry and the use of the Eckart frame in order to obtain accurate nonisotropic molecular properties. The formalism allows for a black-box evaluation of zero-point vibrational corrections, completed in two successive steps, requiring a total of two molecular Hessians, 6K -11 molecular gradients, and 6K -11 property evaluations, K being the number of atoms. We apply the approach to the study of a number of electric and magnetic properties-the dipole and quadrupole moments, the static and frequency-dependent polarizability, the magnetizability, the rotational g tensor and the nuclear shieldings-of the molecules hydrogen fluoride, water, ammonia, and methane. Particular attention is paid to the importance of electron correlation and of the importance of the zero-point vibrational corrections for obtaining accurate estimates of molecular properties for a direct comparison with experiment.
I. INTRODUCTION
With the development of more accurate treatments of the electron correlation problem, it is becoming increasingly obvious that in order to be able to compare theoretically calculated molecular properties directly with experimental observations, zero-point vibrational effects, as well as temperature effects due to molecular rotation and population of excited vibrational states, need to be taken into account. Indeed, recent studies of the rovibrational dependence of nuclear magnetic resonance ͑NMR͒ parameters have demonstrated that the effects of rotation and vibration may be as large as the effects of electron correlation, [1] [2] [3] [4] [5] [6] [7] an observation that questions the inclusion of electron correlation in theoretical calculations of NMR parameters without at the same time taking into account the effects of molecular vibration and rotation. Studies of nonlinear optical properties of conjugated systems have also shown that vibrational effects may be very large, and in some cases even dominate the calculated nonlinear optical properties, although most of these effects are due to the so-called pure vibrational contributions. [8] [9] [10] Still, zero-point vibrational corrections may be substantial, see for instance Ref. 11 .
The theoretical study of vibrational motion on molecular properties in polyatomic molecules is made difficult by the importance of the anharmonicity of the potential energy surface, which requires knowledge of the cubic force constants. Furthermore, in order to obtain vibrationally averaged properties the second derivatives of the properties with respect to geometrical distortions are needed, which requires fourth derivatives of the energy to be calculated in the case of secondorder molecular properties such as the nuclear magnetic shielding constants and the molecular polarizability. As the number of vibrational degrees of freedom increases as the molecule grows larger, the task of calculating cubic force fields and second derivatives of the molecular properties becomes increasingly more prohibitive for highly correlated electronic wave functions.
One of the first systematic attempts at describing the effects of zero-point vibrational contributions to molecular properties in polyatomic molecules was presented in a series of papers by Kern and co-workers, [12] [13] [14] and was applied to the study of molecular properties of various diatomic molecules as well as the water molecule. The perturbation analysis we will adopt here will to a large extent follow the same analysis as the works of Kern et al. A similar approach was presented by Lounila, Wasser, and Diehl, 15 and has in recent years been applied to the study of the magnetic properties of several triatomic molecules. 3, [16] [17] [18] Important contributions have been presented by Raynes and co-workers on the rovibrational contributions to nuclear magnetic resonance parameters such as the nuclear shieldings, indirect spin-spin coupling constants and the magnetizabilities. [19] [20] [21] [22] Š pirko and coworkers have also done a number of studies of the rovibrational contributions to a wide variety of electric and magnetic properties of polyatomic molecules. [23] [24] [25] [26] Recently, Russell and Spackman presented a method for the routine calculation of zero-point vibrational contributions to the molecular properties of polyatomic molecules 27 and applied it to a series of different molecules. 28, 29 However, these approaches appear to require substantial efforts by the user before the final, rovibrationally averaged result can be extracted.
Our goal here is to be able to calculate zero-point vibrationally averaged properties for large molecules, even for rather highly correlated wave functions, in a reasonable amount of time. As additional requirements, we want the calculations to require as little user intervention as possible, yet obtain results for the vibrational corrections that are of comparable accuracy to the accuracy of the wave function used. The approach presented here allows us to fulfill all these goals by requiring only two calculations to be performed: ͑1͒ At the optimized molecular geometry we determine an effective geometry 30 by calculating gradients along the normal coordinates ͑this step requires 1 molecular Hessian and 6K -11 molecular gradients, where K is the number of atoms in the molecule͒. ͑2͒ At the effective geometry we calculate the second-derivative of the property ͑properties͒ of interest along the normal coordinates ͑this step requires one molecular Hessian and 6K -11 property calculations͒.
Although we will only apply the method here to molecules with five or fewer atoms, the approach can very easily and cost-effectively be applied to larger systems, and the first step described above has been applied to systems as large as butane and nitroethene in an earlier paper. 30 Other applications for larger system will be presented elsewhere.
The rest of this paper is divided into five sections. Section II summarizes the theory behind our approach, and Sec. III discusses certain implementational aspects of the theory. In Secs. IV and V we present our results for different electric and magnetic properties of the ten-electron hydrides. In Sec. VI we summarize our findings and give some concluding remarks.
II. THEORY
In a recent paper 30 we presented a generalized analysis of the perturbation expansion of the vibrational wave function of polyatomic molecules, similar to the approach discussed by Kern and Matcha. 12 In that paper, we considered the expansion of the vibrational wave function around an arbitrary expansion point, instead of restricting ourselves to an expansion around the equilibrium geometry as was done by Kern and Matcha. Particular attention was given to two expansion points; the equilibrium geometry, and an effective geometry that was shown to be equivalent to the zero-point vibrationally averaged molecular geometry to second-order in the order parameter of the perturbed vibrational wave function. It was demonstrated that the most important term in the perturbation expansion of the vibrational wave function vanishes if the expansion is carried out around this effective geometry, which means that each normal mode can be accurately represented by a single Gaussian function and still give vibrationally averaged results of a quality comparable to those obtained when the anharmonicity of the potential is included in an expansion around the equilibrium geometry. A detailed comparison of the different expansion contributions was discussed for diatomics in Ref. 31 , where we also demonstrated that the use of the harmonic contribution around the effective geometry for selected diatomic molecules in general recovers more of the total vibrational correction for a range of molecular properties than the terms normally included when expanding around the equilibrium geometry.
We will not repeat the complete perturbation analysis here, but rather focus on the main feature of the approach we use. Since our previous paper focused on the determination of the effective geometry by a perturbation expansion around the equilibrium geometry, 30 certain theoretical and computational issues arising when molecular properties are calculated at a nonequilibrium geometry were not treated in that paper, and we will consider these points at the end of this section.
We will consider an expansion of the potential energy around an arbitrary expansion point, r exp
where q i is a mass-weighted displacement of the nuclei from the effective geometry along normal coordinate i, N is the number of normal coordinates, of which there are 3K -6 (3K -5 for linear molecules͒, K being the number of atoms in the molecule.
is the nth derivative of the potential energy at the expansion point with respect to the normal coordinates. An effective geometry is chosen such as to minimize the energy functional
with respect to the expansion point. The zeroth-order Hamiltonian is the ordinary harmonic oscillator Hamiltonian, which can be written as
͑3͒
Writing the trial function as a product of eigenfunctions to the harmonic oscillator problem
with each harmonic oscillator eigenfunction being
we can rewrite Eq. ͑2͒ as
In Eqs. ͑5͒ and ͑6͒ we have introduced the harmonic frequencies i ϭͱV ii (2) , the Hermite polynomials H n i ( i ), the normalization constants N n i and i ϭͱ i q i .
At the effective geometry the gradient of Ẽ (0) is zero, and a differentiation of the right-hand side of Eq. ͑2͒ with respect to the expansion point gives the following relationship at the effective geometry
where eff denotes that the expansion is carried out around the effective geometry. We now consider the remaining terms in Eq. ͑1͒ as perturbations to the zeroth-order Hamiltonian in Eq. ͑3͒. More specifically, we define
where it is noted that the gradient of the potential is included and
and do a perturbation expansion of the vibrational wave function with respect to these perturbations. The vibrational average of a molecular property may be determined from the expectation value of the property with respect to a vibrational wave function ͗P͘ϭ ͗⌿͉P͉⌿͘ ͗⌿͉⌿͘
.
͑10͒
Expanding the property surface in a manner similar to the expansion of the potential energy in Eq. ͑1͒ we get
Inserting this expansion of the property surface in the expectation value expression Eq. ͑10͒, we may expand the property expectation value in orders of the property surface and potential energy surface derivatives as
͑13͒
The second pair of brackets here represents a Taylor expansion of the normalization around ⌿ϭ⌿ (0) . The terms that only depend on the unperturbed vibrational wave function can now be written
eff,i ϩ . . . , ͑14͒
and the contributions that include the first-order terms in the order parameter of the perturbed vibrational wave function are
͑15͒
Detailed expressions for ͗P 1 (1) ͘ eff and ͗P 3 (1) ͘ eff can be found in Ref. 30 . Here we only note that ͗P 1
(1) ͘ eff vanishes because of the condition Eq. ͑7͒. The major contribution to the zeropoint vibrationally averaged property from the anharmonicity of the potential as calculated at the equilibrium geometry thus vanishes when the effective geometry is used as an expansion point, and the correction to a molecular property from zero-point vibrational motion can to a good approximation be calculated from a knowledge of the zeroth-order vibrational wave function alone 30, 31 ͗P͘ 0,0 ϭ͑ P eff
͑16͒
where ͗P 0 (0) ͘ e indicate the property calculated at the equilibrium geometry for a particular choice of wave function. Equation ͑16͒ does not imply that there is no anharmonicity of the potential included in the calculation of vibrationally averaged properties. Instead, the anharmonicity is included through the use of the effective geometry instead of the equilibrium geometry as an expansion point for the vibrational wave function. Although conceptually simple, Eq. ͑16͒ does contain some aspects that need consideration. One point is the definition of normal coordinates at a nonequilibrium geometry, since Eq. ͑16͒ involves harmonic frequencies at the effective geometry, which differs from those at the equilibrium geometry. At a nonequilibrium geometry, the forces are nonvanishing, which means that there will be a mixing of the overall rotational forces into the internal degrees of motion. Pulay has suggested that in such situations one should use a nonredundant set of internal coordinates for the evaluation of the molecular Hessian, since such a set of coordinates will not contain any rotational forces. 32 However, there is no unique definition of such a set of nonredundant internal coordinates. We have instead chosen to apply a projection operator to remove the translational and rotational components from the molecular Hessian. This will provide us with a diagonalizable matrix in which six ͑five in the case of linear molecules͒ of the eigenvalues will be exactly zero for the translational and rotational degrees of freedom. Since the definition of normal coordinates and harmonic frequencies at a nonequilibrium geometry is not well-defined, this serves as a useful starting point for a perturbation expansion using this definition of the normal coordinates. Furthermore, our perturbation expansion can in principle be performed along any set of well-defined internal vibrational modes.
A second point that requires some consideration is the evaluation of molecular properties at nonequilibrium geometries, and in particular the assignment of the components of the property tensors to their counterpart at the equilibrium geometry. This is particularly important for nonsymmetric geometries of highly symmetric molecules, an example being a nonsymmetric displacement of the hydrogens in ammonia, where the symmetric-top symmetry of the ammonia molecule will be destroyed. For most properties, the small displacements we use in our numerical differentiation scheme will ensure that the errors introduced are small. However, for properties that depend on a well-defined moment-of-inertia axis system-such as the rotational g tensor-or in the case of anisotropic properties in highly symmetric system, the errors may be substantial. To avoid this problem, it is important to define a coordinate system that is centered at the molecule and rotates with the molecule rather than a space-fixed axis system. This is achieved by the use of the Eckart axes. [33] [34] [35] The use of the Eckart frame in the calculation of zeropoint vibrational corrections to molecular properties have been discussed several times before ͑see for instance Refs. 3 and 36͒, and we will only briefly recapitulate the main points here. The conditions that fix the Eckart frame can be derived by requiring that the angular momentum of the nuclei relative to the molecule-fixed axes vanishes when the nuclei are in their equilibrium positions, that is, we require
where the summation runs over all the nuclei in the molecule, m K is the mass of nucleus K, and r K e and r K is the position of the nucleus K at the equilibrium and instantaneous geometry, respectively. The Eckart frame is placed at the instantaneous center-of-mass and oriented such that Eq. ͑17͒ is fulfilled. It follows from Eq. ͑17͒ through differentiation that
Since the vibrational angular momentum of a molecule for a rigid molecule close to its equilibrium geometry is to a good approximation given by
the Eckart frame is thus seen to ensure that the coupling between rotational and vibrational motion is small, which is important for the estimation of vibrational contributions. For more details we refer to Ref. 34 .
III. COMPUTATIONAL ASPECTS
We apply the approach presented above to the study of zero-point vibrational corrections ͑ZPVCs͒ to a wide range of different molecular properties for the ten-electron hydrides hydrogen fluoride, water, ammonia, and methane. Our purpose is to investigate the importance of electron correlation in the calculation of zero-point vibrational corrections, as well as the relative importance of ZPVCs in polyatomic molecules. We will only consider the most abundant species of each molecule, and we do thus not consider isotope effects. This also means that we will not consider properties such as nuclear quadrupole coupling constants and spinrotation constants, since the nuclear magnetic and quadrupole moments are zero for most of the nuclei considered. We will study the dipole moment, the quadrupole moment, static and frequency-dependent polarizabilities, magnetizabilities, rotational g tensors and nuclear shielding constants. We have deliberately avoided the indirect spin-spin coupling constants, although feasible, because of their special basis-set requirements. 7 Finding a basis set that is suitable both for the calculation of properties dependent mainly on the near-nucleus region, such as the nuclear shieldings, and properties that depend mainly on the outer-valence regions, such as the polarizabilities and magnetizabilities, is difficult. We have chosen to use the ANO basis sets of Widmark and co-workers, 37 which have been designed to accurately treat electronically excited states and ions of the atom, and which have been demonstrated to accurately describe different magnetic properties in a number of papers. 6, 38, 39 The contraction we use is ͓6s5 p4d3 f ͔ for the second-row elements, and ͓5s4 p3d͔ for hydrogen. This basis set should be large enough to treat all the correlation effects recovered with our complete active space self-consistent-field ͑CASSCF͒ wave function, 40 and will also include enough diffuse functions to describe the quadrupole moment and the polarizability with a reasonable degree of accuracy.
To describe the electron correlation effects, we will use a CASSCF wave function in which we keep the 1s-electrons uncorrelated. All valence electrons are correlated in a space consisting of 13 orbitals ͑6 of A 1 , 3 of B 1 , 3 of B 2 and 1 of A 2 symmetry in the C 2v point group, and 9 in AЈ and 4 in AЉ in the C s point group͒. Since numerical differentiation with respect to nuclear distortions by necessity will involve configurations of the nuclei that do not possess the full molecular point-group symmetry, all calculations have been done without the use of point-group symmetry.
We do not claim that our active space will give highly accurate results. In most cases, our choice of active space gives results for the molecular properties of the molecules investigated here that are of MP2 quality, although they often are somewhat closer to a CCSD͑T͒ result than are the MP2 results. 41 For many of the properties investigated here, in particular for ammonia and methane, we believe that our results still are the most accurate to date, although an extension to more elaborate electron correlation schemes such as the coupled-cluster method 42 clearly would be of interest. We will discuss the accuracy of our results in some more detail in the next section.
The choice of molecules is the same as that of a recent study of zero-point vibrational corrections to molecular electric properties by Russell and Spackman, 27 and includes hydrogen fluoride, water, ammonia and methane. In addition to studying the same electric properties as Ref. 27 , we also consider the polarizability at a finite frequency of 441.8 nm, and several magnetic properties; the magnetizability, the rotational g tensor and the nuclear shielding constants. As Russell and Spackman, we will not consider the pure vibrational contribution to the polarizability, although we note that it may be of substantial magnitude. 43 In conventional finite basis set calculations of magnetic properties, the magnetic properties show an unphysical dependence on the choice of gauge origin. 7 This artificial dependence on the gauge origin also means that the calculations will not be size extensive and thus not be suited for a study involving nuclear distortions. This can be circumvented by using local gauge origins, and all the magnetic properties presented here have been obtained using ͑rota-tional͒ London orbitals, 44 ,45 using the methods described in several recent papers. [45] [46] [47] [48] All calculations reported here have been done with a local version of the Dalton quantum chemistry program, 49 in which the scheme presented above for the calculation of zero-point vibrational corrections have been implemented in a black-box manner. The calculation proceeds in two steps.
͑1͒ Determine the effective geometry as described previously. 30 Since we here only will consider the most abundant isotopic species, we have only determined the cubic force constants along the normal coordinates, calculating the third derivatives as second derivatives of analytically calculated gradients. As recommended in our previous paper, a step length of 0.0075 bohr have been used in the numerical differentiation. ͑2͒ At the effective geometry, we calculate the molecular properties and determine the contributions from ͗P 2 (0) ͘ eff ͓see Eq. ͑16͔͒. This is done by calculating the second derivatives of the properties along the normal coordinates. For all properties we have used the Eckart frame to determine the anisotropic components of the different molecular properties.
To optimize the molecular geometry, we have used the new first-order geometry optimizations routines implemented in the Dalton program by Bakken and Helgaker, 50 using the model Hessian of Lindh et al. 51 In determining the second derivatives of the properties by numerical differentiation, numerical accuracy and stability is a key issue. The necessary requirements for the reliable determination of the effective geometries were investigated in detail in our previous paper, 30 leading to the recommended step length of 0.0075 bohr we have used here. However, a similar analysis has not been undertaken for the second derivatives of the molecular properties. In Tables I and II we have collected the vibrational contributions from the ͗P 2 (0) ͘ eff term to the dipole moment and nuclear shieldings of hydrogen fluoride and water using a modest-sized ANO basis ͓4s3 p2d/3s2p͔ and a SCF wave function. We have chosen to focus on the nuclear shieldings since this property is, from our experience 1, 6 as well as that of the literature, 2,4 one of the molecular properties that show the biggest geometry dependency. Indeed, looking at the results of Tables I and II, we note that the results vary quite significantly, and that it is probably not possible to get more than three digits accuracy for the nuclear shielding derivatives, whereas this is not a concern in the case of the dipole moment derivatives.
For hydrogen fluoride we may compare our results with a fit to the property surface 31 determined using the same wave function as employed here. Although the results for various step lengths scatter quite significantly, there appears to be reasonable numerical stability for step lengths of 0.05 bohr and longer, and when comparing with the results of Ref. 31 , we have chosen to use, in the calculations presented here, a step length of 0.05 bohr. We notice that this step is somewhat smaller than that we have used in earlier studies of diatomic molecules. 6 We also note that for most of the other TABLE I. The numerical accuracy of the calculated nuclear shielding and dipole moment vibrational contribution from the second derivative of the molecular property ͓Eq. ͑16͔͒ in hydrogen fluoride. In atomic units.
Step properties ͑not reported͒, the numerical stability is much more satisfactory than that observed for nuclear shieldings and the closely related nuclear spin-rotation constants.
IV. ZERO-POINT VIBRATIONAL CORRECTIONS
In this section we will present and discuss our results for the zero-point vibrational corrections to the different molecular properties as obtained with the approach described in Sec. II. Particular attention will be paid to the relative importance
͘ e and ͗P 2 (0) ͘ eff contributions and the importance of electron correlation. Comparison with other studies of zero-point vibrational corrections will be made when such data are available. These comparisons will be restricted to correlated studies unless only SCF studies are available.
Comparison with experimental observations will be deferred to the next section. We will not discuss the calculated force fields or the vibrationally averaged geometries since this was the topic of Ref. 30 , but we report for completeness the most important geometric parameters obtained with the SCF and MCSCF wave functions in Tables III and IV , respectively.
A. Hydrogen fluoride
Since hydrogen fluoride is a diatomic molecule, the importance of vibrational corrections to most properties of this molecule has been extensively studied in the literature, 2,27,52-55 also by ourselves using MCSCF wave functions with much larger active spaces and better basis set than that employed here. 1, 6 However, we include this molecule for completeness and because the availability of results of an accuracy higher than that obtained here allows us to assess the quality of our wave function and thus help in judging the merit of our approach for the polyatomic molecules, in particular since some of the vibrational corrections calculated for hydrogen fluoride have been obtained using numerical methods. 2, 53, 54 Our results, as well as the findings of other recent correlated studies, are collected in Table V . For the dipole and quadrupole moments and the isotropic polarizability, our results are in very good agreement with the MP2 results of Russell and Spackman, with differences of at most 6% in the case of the quadrupole moment, and much less for both the dipole moment and the polarizability. The differences are probably dominated by the greater recovery of the correlation effects in our study, although it may, in the case of the quadrupole moment, also indicate a possible inadequacy in our basis set for the study of this property.
The correlation effects on the ZPVCs are substantial, amounting to more than 15% for the dipole moment and the isotropic polarizability, and clearly cannot be neglected if accurate results are of interest. For the polarizability anisotropy, the agreement with Russell and Spackman is far from satisfactory. Comparing with the SCF results of Russell and Spackman, 0.1534 a.u., it appears that much of the difference is due to the lack of any correlation effects in their MP2 result, a result that we find surprising for the polarizability anisotropy. In contrast, our result is in excellent agreement with the recent CCSD͑T͒ result of Christiansen, Hättig, and Gauss. 56 We note that also Bishop and Cybulski have pre-TABLE II. The numerical accuracy of the calculated nuclear shielding and dipole moment vibrational contribution from the second derivative of the molecular property ͓Eq. ͑16͔͒ in water. In atomic units.
Step sented calculations of vibrationally corrected polarizabilities for HF at the MP2 level. 53 However, they only quote their total polarizability tensor and that calculated at the experimental equilibrium geometry. Their total value of 1.227 a.u. is in reasonable agreement with the total values we obtain ͑see Table X͒. Turning our attention to the vibrational corrections to the magnetic properties, we notice that the MP2 character of our CASSCF wave function ͑as discussed in Sec. III͒ gives poorer agreement with the more elaborate MCSCF and CCSD͑T͒ results previously published, 1,2,6 whereas fair agreement is obtained with available MP2 data. 54 Interestingly, correlation does not appear to play an important role for the zero-point contributions to the magnetic properties, with the exceptions of the magnetizability anisotropy and the rotational g tensor. Indeed, it appears to be very difficult to converge with respect to the treatment of electron correlation effects for the rotational g tensor, as have been observed previously as well. 6, 17, 41 The change in geometry about which we do the perturbation expansion accounts for most of the zero-point corrections for the majority of properties considered, an exception being the magnetizability anisotropy. However, there does not appear to be any easily discernible pattern as to whether or cancel each other. Electron correlation does, however, appear to affect both contributions to a similar extent.
B. Water
It appears that only a limited number of correlated studies have been undertaken on vibrational corrections to the molecular properties of the water molecule, and our comparison will therefore be restricted to a comparison with the MP2 results of Russell and Spackman for the electric properties, 27 and results previously obtained by one of us using larger multiconfigurational SCF expansions than that employed here for the magnetic properties 3, 17 and finally a CASSCF study of the nuclear shieldings by Wigglesworth et al. 57 using the same active space we use here, but employing an experimental force field. All these result are collected in Table VI .
Considering first the electric properties, we note that the differences to the results of Russell and Spackman for this molecule are much larger than were observed in the case of hydrogen fluoride. There are several possible reasons for this, and it is difficult to properly discriminate between these. One difference is the treatment of electron correlation, and this is undoubtedly an important factor since the agreement between our SCF results and those of Russell and Spackman in general is better than at the correlated level. This applies in particular to the dipole moment, where our SCF zero-point vibrational correction to the dipole moment ͑Ϫ0.0020 a.u.͒ is in almost perfect agreement with the SCF correction found by Russell and Spackman ͑Ϫ0.0021 a.u.͒.
The second source of differences arises from the difference in choice of basis set, as already discussed in the previous subsection. Finally, the different perturbation expansions may differ in their ability to recover the zero-point vibrational corrections. As regards this latter source of errors ͑affecting the comparison both at the SCF and correlated level͒, we demonstrated in a recent paper that our approach, including the anharmonicity of the potential by expanding around an effective geometry, was able to recover a greater portion of the exact zero-point vibrational correction in diatomic molecules than the approach used by Russell and Spackman in comparison to the exact result obtained using numerical integration. 31 In order to distinguish between basis set differences and differences in the convergence of the perturbation expansion of the vibrational wave function, we have collected in Table VII the vibrational corrections obtained at the SCF level for the electric properties using the ANO basis described in Sec. III and the polarized basis set of Sadlej 58, 59 which was used in Ref. 27 . Included also are the results of Russell and Spackman, and we can see that in most cases the change of basis set leads to a greater change in the ZPVC than does the change of perturbation expansion. The exception is ␣ yy where the basis set changes ␣ yy only to a very small extent, whereas the two perturbation expansions differ by almost 4%. The y-direction is the in-plane component perpendicular to the dipole axis. Since for diatomic molecules we have demonstrated that our perturbation expansion is able to recover more of the exact ͑numerical͒ ZPVC than does the expansion around the equilibrium geometry, we find it reasonable to assume that such differences TABLE VI. The contributions to the zero-point vibrational contributions to the properties of water. The water molecule is placed in the xy-plane, with the x-axis along the dipole axis of the molecule. Basis sets and wave functions described in the text. All properties reported in atomic units except the magnetizability which is reported in units of 10 in ZPVC recovery will be enhanced as the number of vibrational modes increases, and thus believe that the differences in the SCF results obtained by Russell and Spackman and those obtained in this study are due to a more complete recovery of the ZPVCs in this work. Turning to the magnetic properties, we make the same observations as for hydrogen fluoride: The zero-point vibrational correction to the isotropic magnetizability is small and independent of electron correlation whereas the magnetizability anisotropy shows a much stronger dependence on electron correlation. Electron correlation is also important for the rotational g tensor, and we in particular note the difficulty in recovering the electron correlation effects, as for instance only about half of the zero-point vibrational contribution to g zz ͑the out-of-plane component͒ is recovered compared to the bigger MCSCF results previously published. 17 Before discussing the results for the nuclear shielding, we must make one important remark. Our results for the oxygen shielding refers to an isotope of oxygen 16 O that does not have a magnetic moment and thus cannot be observed in a NMR experiment. Our results cannot therefore be directly compared to experiment, nor to the other theoretical studies which both studied the isotopic species H 2 17 O. 3, 57 However, these differences should, considering the relatively minor difference in the total mass of the system, be rather small. Interestingly, only the shielding anisotropy of the oxygen atom shows any significant correlation effect on the zero-point vibrational corrections, although the importance of electron correlation on the oxygen shielding itself is well established. 48, [60] [61] [62] As expected, our zero-point vibrational corrections are in good agreement with the CASSCF results of Wigglesworth et al. 57 since we use the same wave function, the differences being due mainly to the difference in force field and perturbation expansion of the vibrational wave function and to some extent also because of the different isotopic species investigated. It is also worth noticing that our CASSCF wave function is much more successful in recovering the correlation effects on the ZPVCs to the nuclear shieldings than was the case for the ZPVC to the rotational g tensor.
As regards the relative importance of the shift in the geometry and the expectation value of the second-derivative of the property, much of the same trend observed for hydrogen fluoride applies to water as well; in most cases the shift in the geometry dominates, once again the magnetizability anisotropy being an exception, although the oxygen shielding anisotropy and two of the rotational g tensor components also deviate from this behavior. Correlation is in most cases important, although an interesting exception to this appears to be the isotropic hydrogen shielding. As we will see also for ammonia and methane, the ZPVC to the isotropic hydrogen shielding appears to be independent of electron correlation for all four molecules studied here, which is in accordance with the observations made for the isotropic hydrogen shielding itself. 63 Although further studies are needed, it seems like the main correction to SCF hydrogen shieldings are vibrational corrections, and that these may be accurately determined from SCF calculations alone.
C. Ammonia
There have been some previous investigations of vibrational corrections to the molecular properties of ammonia, in particular the polarizability, much of this spurred by the special umbrella-inversion mode of the ammonia molecule. Since here we only consider the vibrational ground state, we expect our approach to be able to accurately model also this highly anharmonic vibrational mode of the molecule, although errors from the truncation of the perturbation expansion of the vibrational wave function may be somewhat more pronounced for this molecule than the other molecules of this study.
We have collected our results in Table VIII together with other theoretical results. An important observation to make is that for this molecule the harmonic oscillator contribution to the ZPVC often is of equal or greater importance than the shift in the geometry for the electric properties, whereas the shift in geometry dominates for most of the magnetic properties.
Comparing our results for the dipole and quadrupole moments and the static polarizability with the results of Russell and Spackman, the agreement is not very satisfactory. Part of the reason for these discrepancies is undoubtedly due to the treatment of electron correlation, since the SCF ZPVC corrections for the dipole moment and the isotropic polarizability are in very good agreement, whereas the agreement is less satisfactory for the polarizability anisotropy and the quadrupole moment, indicating also some potential differences in basis set quality. Comparing all the theoretical results for the isotropic and anisotropic polarizability, the scatter in the results is striking. Russell and Spackman indicated that the lack of agreement with the MP2 results of Wormer et al. 64 may be due to their neglect of all vibrational modes but the two totally symmetric modes. However, they could not explain the large difference to the results of Š pirko, Jensen, and Jo "rgensen for the isotropic polarizability. 26 Our ZPVC for the isotropic polarizability is even further away from the results of Š pirko et al. and does not help resolve this discrepancy. We may note that the active space used in this study is much larger than that used in Ref. 26 . Clearly, further studies of the ZPVC to the polarizability of ammonia are needed.
In contrast, both our SCF and MCSCF ZPVCs to the nuclear shieldings are in excellent agreement with the recent 4 who also used London atomic orbitals to ensure gauge origin independence of their results. We would expect that the use of London atomic orbitals would ensure that the results for the nuclear shieldings are less dependent on the basis set than are the polarizability. Still, this cannot explain the good agreement observed for the nuclear shieldings which stands in marked contrast to the scatter in the results for the polarizability. As was the case for hydrogen fluoride, the ZPVC to the isotropic and anisotropic shieldings are in most cases independent of electron correlation, the exception being the hydrogen shielding anisotropy.
It is worth noticing that we experienced some problems with numerical stability in the calculation of the second derivatives of the nitrogen shielding, and we had to increase the step length to 0.115 bohr to ensure numerically stable results for the nitrogen shielding. All the other results were obtained with the usual step length of 0.05 bohr.
Considering finally the magnetizability and rotational g tensor elements, the agreement with the work of Sauer, Š pirko and Oddershede 65 is modest at best. There are several reasons for these discrepancies. In particular, perturbation dependent basis sets were not used in the calculation of the magnetizabilities and rotational g tensors, and considering the strong basis set dependence of these properties 47, 45, 66 this is likely to be an important source of errors in their investigation. Furthermore, only the symmetric stretching and inversion modes were considered in their work, an approximation which, based on the comparison with Wormer et al. for the polarizability, may not be well justified.
D. Methane
Turning our attention to methane ͑see Table IX͒ , we note that hardly any correlated studies appear to have been undertaken for the properties of this molecule. The exceptions are the indirect spin-spin coupling constants, for which a lot of work has been done on rovibrational corrections to these properties. 21, 67 Our result for the static polarizability is in reasonable agreement with the MP2 results of Russell and Spackman. 27 In contrast to ammonia, our SCF ZPVC to the shieldings compare less favorable with the results of Fukui 
Ϫ2
, other properties in atomic units. 4 and the reason for this is not clear to us. We note, however, that the surfaces used by Fukui are incomplete as they have not included all shielding derivatives contributing to the hydrogen shieldings, whereas all derivatives have been included for the heavy-atom shieldings. 68 Our SCF ZPVC to the carbon shielding is in fair agreement with the results of Raynes et al. 20 This is not the case for the magnetizability, although this is most likely due to the lack of perturbation-dependent basis sets in Ref. 20 .
V. COMPARISON WITH EXPERIMENT
From the discussion in the previous section, where it was seen that even small changes in the molecular geometry may lead to substantial changes in the molecular properties, it is clear that for an accurate comparison with experiment, good equilibrium geometries are required. This has also been noted in other investigations, see for instance the ''Note added in proof'' in Ref. 3 , as well as the prediction of vibrationally averaged geometries in our previous paper. 30 Furthermore, in a recent work where the rovibrationally averaged fluorine shielding of hydrogen fluoride was refined, it was found that the improvement was gained from a more accurate description of the potential surface rather than the shielding surface. 6 Whereas we believe our wave functions provide reasonably accurate molecular properties for a given molecular geometry, 7 the molecular geometries themselves are too inaccurate. 30 This applies in particular to strongly geometry dependent properties such as the nuclear shielding.
For this reason we follow the approach used by Russell and Spackman, 27 in which we combine our zero-point vibrational corrections in Tables V-IX with the molecular properties calculated at the experimentally determined equilibrium geometries. The geometries used are the same as those used by Russell and Spackman and can be found in the footnote to Table 4 in their paper. 27 Since we use this combination of experimental data with pure ab initio estimates, we will in this section restrict ourselves to a comparison with experimental observations.
A. Hydrogen fluoride
We have collected our SCF and MCSCF results for HF at the experimental equilibrium geometry along with the estimated vibrationally corrected results ͑adding the vibrational corrections described in the previous section to the value calculated at the experimental equilibrium geometry͒ in Table X . The agreement with experiment is in most cases satisfactory, in particular considering the approximations made in the treatment of electron correlation in this study. Still, the rather poor agreement with experiment for the dipole moment 69, 70 is somewhat discouraging. Comparing our result with the recent accurate results of Christiansen, Hättig, and Gauss 56 it becomes apparent that almost all the discrepancy is due to the overestimation of the equilibrium dipole moment. For the other electric properties, the agreement with the experimentally derived numbers [70] [71] [72] are in general good, with the zero-point vibrational corrections bringing the results closer, or to the other side of, the experimental number.
Turning to the magnetic properties, only the experimental results for the rotational g tensor can be considered to be of high accuracy, in particular the latest result of Bass, DeLeon, and Muenter. 73 The other data have either been derived from experimental data using certain theoretically de- termined numbers, as for instance nuclear shieldings have been derived from nuclear spin-rotation constants using theoretical estimates of the diamagnetic shielding, or have been based on less accurate data, as is the case for the magnetizability anisotropy. 71 The agreement with experiment is in general, however, reasonably good, and almost within the experimental error bars. However, for the shieldings and magnetizabilities, the purely theoretical data in Refs. 2 and 6 are likely to be more accurate than the experimental numbers.
B. Water
As was the case for the hydrogen fluoride molecule, our vibrationally corrected dipole moment for water is in very poor agreement with experiment 74 ͑see Table XI͒ . Although there is some disagreement between the MP2 result of Russell and Spackman and our MCSCF result for the ZPVC correction to the dipole moment, the ZPVC is in both cases small, and the observed deviation to experiment is thus also here due to an overestimation of the equilibrium dipole moment. In contrast, the agreement with experiment for the quadrupole moment and the polarizability ͑when considering the dispersion effects͒ is striking. Since it is not clear that our choice of basis set is optimal for these two properties, it may be that this excellent agreement is due to a fortuitous cancellation of errors from basis set incompleteness and incomplete treatment of electron correlation.
Turning to the magnetic properties, the situation is much the same as for hydrogen fluoride, most of the experimental magnetic properties are derived quantities involving some theoretical analysis. [75] [76] [77] Indeed, it has recently been proposed on the basis of theoretical calculations which included rovibrational corrections 3 that the oxygen nuclear shielding constant of water is 324.0(Ϯ1.5͒ ppm, rather than the originally derived result of 344.0(Ϯ17.2͒ ppm. 77 Our result does not favor either of these results. However, the ZPVC to the isotropic oxygen shielding is remarkably independent of electron correlation, and once again the discrepancy, in this case with respect to the theoretical estimate, 3 is due to the poorly estimated equilibrium value. For the isotropic hydrogen shielding, where the experimental result is of good quality, 78 our results are in good agreement with experiment. This is due to the fact that both the ZPVC and the equilibrium value are correlation independent. The lack of electron correlation effects for hydrogen shieldings gives some hope that it should be possible to accurately determine ZPVCs to hydrogen shieldings in larger molecules. This is an important finding because the ZPVCs we have found for the isotropic hydrogen shieldings in HF, H 2 O, NH 3 , and CH 4 is in the range Ϫ0.30-Ϫ0.60 ppm-that is, almost 5% of the normal TABLE XI. Zero-point vibrationally corrected molecular properties of water. The water molecule is placed in the xy-plane, with the x-axis along the dipole axis of the molecule. Basis sets and wave functions described in the text. All properties reported in atomic units except the magnetizability which is reported in units of 10 Ϫ30 JT Ϫ2 . hydrogen shielding range, an effect that clearly cannot be neglected, although it may be that the vibrational effects partially cancel in the relative chemical shifts that most often are of interest.
SCF MCSCF
For the rotational g tensor, the agreement with experiment 75, 76 appears to be very good. However, as discussed in a recent paper, 17 the experimental numbers were in part derived from data obtained for D 2 O, assuming that a relationship between the change in the center of mass of the molecule from an isotopic substitution and the molecular dipole moment holds. However, this relationship is valid only for a rigid molecule, and the errors introduced by neglecting the effects of molecular vibrations may be large. 17, 79 Our calculations are unable to recover enough of the correlation effects to be able to reproduce the probably more accurate theoretical values of g xx ϭ0.640(Ϯ0.003), g yy ϭ0.709 (Ϯ0.003) and g zz ϭ0.637(Ϯ0.001).
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C. Ammonia
As observed also for the previous two molecules, the dipole moment of ammonia is in unsatisfactory agreement with experiment 80 ͑see Table XII͒ . We believe that most of this discrepancy is due to the poor equilibrium dipole moment, and if we instead combine our ZPVC with the recent accurate CCSD͑T͒ value of Halkier and Taylor 81 ͑Ϫ0.603 a.u.͒, we get a vibrationally averaged result ͑Ϫ0.5850 a.u.͒ which is much closer to experiment although still not within the experimental error bars. It is worth noticing that by combining our ZPVC with the experimentally derived equilibrium dipole moment of Ϫ0.614, 82 the agreement with the experimental result for the vibrationally averaged dipole moment is much less satisfactory, supporting the proposal by Halkier and Taylor that the experimentally deduced equilibrium dipole moment of ammonia is too large. Considering the rest of the electric properties, the agreement is seen once again to be very satisfactory, with our results within or slightly outside the experimental error bars. 80 However, as for water, this agreement may be somewhat fortuitous.
For the magnetic properties, the agreement with experiment is in most cases good with the exceptions of the isotropic magnetizability, 83 the parallel component of the g tensor, 25 and the isotropic hydrogen shielding constants. 84 However, by taking the calibration error in the experimental determination of the isotropic magnetizability and scaling the experimental result to correct for this as suggested in Ref. 85 , the agreement for this property becomes very good. For g ʈ , it is difficult to explain the reason for the large discrepancy, although we note that electron correlation effects are large both for the equilibrium value and the ZPVCs, and that our choice of active space may be, as was the case for water, unable to recover all of the correlation effects. The error bars on the isotropic hydrogen shielding ensures that our result is well within the experimental observation, 84 and considering the small corrections arising from electron correlation on the isotropic hydrogen shieldings, we are inclined to believe that our result is of higher accuracy than that of experiment.
D. Methane
Turning finally to the methane molecule ͑see Table  XIII͒ , we once again find the agreement with experiment satisfactory for most of the properties, in the case of the isotropic magnetizability only with the more recent experi- 86 or with the results of Barter et al. 83 scaled by a factor of 1.07. 85 To our knowledge, these are the first correlated results presented for ZPVCs to the nuclear shieldings and magnetizabilities for this molecule.
VI. CONCLUSIONS
We have calculated zero-point vibrational corrections to a large number of different molecular properties using a recently proposed scheme in which the anharmonicity is introduced in the calculation through the use of an effective geometry as expansion point for the vibrational wave function. 30 This effective geometry corresponds to the vibrationally averaged geometry to second order in the order parameter of the perturbed vibrational wave function. In this way, the vibrational wave function can be accurately represented by a single Gaussian function for each mode of the molecule.
This approach to ZPVCs has been outlined and implemented in a black-box manner for SCF and MCSCF wave functions in the Dalton quantum chemistry program. 49 The complete determination of the ZPVCs can be done in a twostep procedure: ͑1͒ Determining the effective ͑vibrationally averaged͒ geometry by a calculation of parts of the cubic force field. ͑2͒ At the effective geometry, determine the harmonic force field and calculate the second derivatives of the molecular properties of interest using numerical differentiation along the normal coordinates.
We believe that many of the ZPVCs for the polyatomic molecules studied here are the most accurate to date, in particular for ammonia and methane. Comparisons with more accurate results available for hydrogen fluoride and for the magnetic properties of water indicate that our choice of wave function is able to recover a large fraction of the electron correlation effects to the ZPVCs, although the extent varies for the different properties. In particular for the rotational g tensor it appears difficult to recover all of the electron correlation effects, and for this property more accurate results are probably needed.
Certain interesting observations can be drawn on the basis of this systematic study of the ZPVCs in these four molecules. In particular, whereas most nuclear shielding constants are strongly dependent on electron correlation, 7 the only well-known exception being the isotropic hydrogen shieldings, 7,63 the ZPVCs do not appear to be strongly dependent on electron correlation. Although this conclusion needs to be verified for a larger class of molecules, it clearly lends some hope to the prospect of being able to estimate quite accurately ZPVC to nuclear shieldings using the scheme presented in this article at the SCF level, and thus making it possible to calculate ZPVCs to the shieldings of large molecules. Indeed, it has recently been proposed that part of the discrepancy observed between theory and experiment for the shieldings of the inner and outer protons of ͓18͔-annulene may be due to vibrational motion, 87 and it would clearly be of interest to test this hypothesis.
Isotropic magnetizabilities are known to be largely independent of electron correlation, 85, 88 and this appears also to be the case for the zero-point vibrational corrections to this property as well. Furthermore, the ZPVCs never exceed 1.2% in these molecules, being thus of the same order of magnitude as the correlation effects. 41, 54 Both correlation and ZPVC in general make the molecule more diamagnetic ͑more negative magnetizability͒, and the combined effect of electron correlation and ZPVCs to SCF magnetizabilities thus appear to support the proposed scaling of SCF magnetizabilities by a factor of 1.02. 85 In contrast, the rotational g tensors are difficult to converge with respect to the treatment of electron correlation, 17, 41 and this appears to carry over to the ZPVCs to these properties as well. Thus, we strongly recommend a reinvestigation of the rotational g tensor of ammonia, as it appears unlikely that our results are converged with respect to the treatment of electron correlation in this system. For hydrogen fluoride and water, more accurate results are already available. 6, 17 For the electric properties, our results support the conclusions drawn by Russell and Spackman, 27 and although we believe that our MCSCF wave function is better at recovering the electron correlation effects than the MP2 wave function they used, our basis set is probably somewhat inferior. It is therefore difficult to say which of the results are the more accurate in the case of the quadrupole moment and the polarizability.
